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This paper presents the extension of a ﬂexibility-based large increment method (LIM) for
the case of cyclic loading. In the last few years, LIM has been successfully tested for solving
a range of non-linear structural problems involving elastoplastic material models under
monotonic loading. In these analyses, the force-based LIM algorithm provided robust solu-
tions and signiﬁcant computational savings compared to the displacement-based ﬁnite ele-
ment approach by using fewer elements and integration points. Although in cyclic analysis
a step-by-step solution procedure has to be adopted to account for the plastic history, LIM
will still have many advantages over the traditional ﬁnite element method. Before going
into the basic idea of this extension, a brief discussion regarding LIM governing equations
is presented followed by the proposed solution procedure. Next, the formulation is speci-
ﬁed for the treatment of the elastic perfectly plastic beam element. The local stage for the
beam behavior is discussed in detail and the required improvement for the LIM methodol-
ogy is described. Illustrative truss and beam examples are presented for different non-lin-
ear material models. The results are compared with those obtained from a standard
displacement method and again highlight the potential beneﬁts of the proposed ﬂexibil-
ity-based approach.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Cyclic loading is one of the most important structural engineering concerns since it takes place in many applications, such
as seismic analysis and fatigue studies. For uniaxial problems, cyclic loading can be studied by considering the stress–strain
behavior during loading, and unloading paths. Fig. 1 presents different constitutive model idealizations of: (a) non-linear
elastic behavior, (b) strain hardening plasticity, and (c) elastic-fully plastic behavior. For each case, the material response
follows along the line OL during the loading path. If unloading takes place from point N, then location A is also a point on
this path. If the material is non-linear elastic, then unloading from point A will move backward on the same loading path
until it reaches point O without any permanent plastic strain, as shown in Fig. 1a. On the other hand, in the case of plastic
material response, Awill move on a straight line with a tangent equal to the initial loading tangent (OV) until it reaches point
B. Permanent plastic strain is evident at point B. For reloading from point B, the material will behave elastically with the same
tangent as line (OV) until it reaches the original unloading point N and then resumes the non-linear path of the material
model.
The ﬁnite element method (FEM) is a well known analysis tool that had been used to solve very complex non-linear prob-
lems in many areas of engineering. In this ﬁeld, two major approaches have been adopted: the displacement-based ﬁnite
element approach and the force-based ﬁnite element approach. The displacement-based dominates current practice for. All rights reserved.
x: +1 716 645 3733.
σσ
σ
O
A
Loading
O
E
Loading
Un-loading
O
E
Loading
Un-loading
a- Nonlinear Elastic
b- Strain Hardening Plasticity
c- Elastic-Fully Plastic
L
L
N
V
V
B
B
∋p
∋p
A
A
N L
Un- Loading
∋
∋
∋
Fig. 1. Non-linear constitutive models.
W. Barham et al. / International Journal of Solids and Structures 45 (2008) 5688–5704 5689non-linear analysis of structures. Nowadays, engineers use this method with high conﬁdence because FEM showed great
capabilities in terms of accuracy and stability when used for non-linear analysis in addition to the great experience gained
by the engineers in the last few decades while using FEM to solve their engineering problems. However, there are several
characteristics that might limit the effectiveness of the displacement based approach. In particular, for elastoplastic cyclic
analysis, the displacement method relies upon a step-by-step incremental approach stemming from ﬂow theory, and also
requires signiﬁcant mesh reﬁnement to resolve behavior in plastic zones. These shortcomings lead to computational inefﬁ-
ciencies that have prompted the reconsideration of force-based approaches for elastoplastic problems.
However, in a traditional force-based method the main unknowns are the constraining forces (redundants). As a result,
this approach is not easy to implement in a computer software because the basic statically determinate form of a structure is
not unique and an improper selection may cause computational instability. An Alternative force-based algorithm has been
recently developed is the large increment method (LIM). The LIM equations are set in two separate groups-namely, the global
equilibrium and compatibility equations, and the local physical equations. In LIM, by using the internal element forces as the
main unknowns, there will be no need to form a basic determinate structure and a balance vector can be calculated using the
generalized inverse of a matrix once the system equilibrium matrix is formed. This development transformed the force-
based method from a tedious problem speciﬁc approach into a more systematic method. The main advantage of the ﬂexi-
bility-based LIM over the displacement method is that it separates the global equilibrium and compatibility equations from
the local constitutive relations. Consequently, in the case of monotonic, LIM can reach a solution in one large increment or in
a few large steps. Furthermore, LIM is characterized by using fewer elements and numerical iterations to reach a converged
solution. This paper examines the extension of the large increment methodology for the non-linear cyclic analysis of
5690 W. Barham et al. / International Journal of Solids and Structures 45 (2008) 5688–5704structures. When LIM is used for cyclic analysis, the load has to be incremented to account for the history of the state vari-
ables. Even though LIM and the displacement-based method share this process, LIM maintains the other characteristics in
terms of elements and solution cost savings.
2. Literature review
The FEM has been used to solve non-linear structural engineering problems with various sources of non-linearity, such as
material non-linearity and geometric non-linearity. The traditional solution procedure using the displacement-based meth-
od for solving non-linear material problems (elastoplastic problem and viscoplastic problem) is presented in many text
books (e.g., Zienkiewicz, 1977; Oden, 1972; Cook et al., 1989; Bathe, 1996). Naturally, many improvements for this method
have been introduced. For example, Sim and Taylor (1985) proposed an iterative solution scheme to solve rate independent
elastoplastic problems with an optimal rate of convergence. They developed a return mapping algorithm that provides an
effective and robust integration scheme for the rate constitutive equations. The mapping is consistent with a Newton–Raph-
son approach for the solution of the system equations. However, this did not resolve the basic limitation of the displacement
method relating to its inability to efﬁciently resolve elastoplastic ﬁelds.
As mentioned previously, the traditional force-based ﬁnite element method is not widely used in non-linear analysis, be-
cause there is no systematic process for choosing the redundants in the structure. A full description of the traditional force
based method for linear analysis can be found in many textbook (e.g., Przemieniecki, 1985; McGuire et al., 2000). In recent
years a number of new schemes had been developed to apply the force method for linear and non-linear problems (e.g., Pat-
naik, 1973; Boisse et al., 1989; Zhang and Liu, 1997; Ladeveze, 1999; Filippou, 2002; Sivaselvan and Reinhorn, 2006). The
main goal of their work has been to overcome the disadvantages of the displacement-based approach, especially in regards
to computational efﬁciency.
Patnaik (1973) presented the integrated force method (IFM) for linear analysis of spatially discrete systems. Unlike the
LIM, the equations of equilibrium and compatibility are combined in the IFM to obtain the system of equations from which
it is possible to solve for the unknown variables. Krishman and Nagabhushanam (2000) used the IFM for non-linear analysis
of structures. In their analysis, a total Lagrangian approach was employed to develop the element equilibrium and ﬂexibility
matrices. The combined equilibrium and compatibility governing equation is solved using a Newton–Raphson method with
the load being incremented over the loading path to account for the history of the state variables. Ladeveze (1999) proposed
a force-based algorithm called the LArge Time INcrement (LATIN). This method relies on a step-by-step process at the system
stage and non-linear iterative procedure at the local stage using different search directions. LIM, which is the main subject of
the present paper, was ﬁrst proposed by Zhang and Liu (1997) and then extended more in Aref and Guo (2001). In both pa-
pers, LIM was employed for solving non-linear elastic problems. Barham et al. (2005a–c) extended LIM to be used for the
analysis of elastic perfectly plastic frame structures. In both papers LIM has showed considerable promise in solving this
class of non-linear problems in terms of computational savings on step size, elements length and integration. As a contin-
uation, this paper addresses cyclic loading.
In addition to FEM, there are other numerical methods for solving non-linear structural problems such as the boundary
element method (BEM) (e.g., Hatzigeorgiou and Beskos, 2002; Sapountzakis and Mokos, 2007). Only the FEM is considered in
this paper.
3. LIM generalized governing equations and generalized inverse of a matrix
The generalized governing equations of LIM are presented in detail by Barham et al. (2005a,b). Here we will present only
the ﬁnal results, but the reader is strongly recommended to examine the full derivation. First, deﬁne the stress r in each ele-
ment to ber ¼ Zf ð1Þ
where f represents the generalized force variables, and Z is the corresponding shape function. Using the principle of virtual
work, the equilibrium equations of the system are obtained asCF ¼ P ð2Þ
where C is the system equilibrium matrix, F is the vector of generalized internal forces for all elements and P is the nodal
applied force vector. Applying the principle of complementary virtual work, we obtain the compatibility equations of the
systemCTU ¼ d ð3Þ
where U is the nodal displacement vector of the system and d denotes the generalized internal deformations:d ¼ ½de1 ; de2 ; . . . ; de1 T
dei ¼
R
Xei
ZTdX
8<
: ð4Þ
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CTU ¼ d ð6Þ
d ¼ uðF; dPÞ ð7ÞThe last equations in this set represent the constitutive equations relating forces to internal deformations. Although these
are, in general, non-linear equations, all of the constitutive relations are local in nature (i.e. constitutive relations are applied
at the element level). This discussion will not be complete without describing the generalized inverse of a matrix, which rep-
resents the mathematical backbone of LIM.
For stable indeterminate structures, the equilibrium matrix C is an m  n non-square matrix with m < n. LIM uses the
capabilities of the generalized inverse method (Ben-Israel and Greville, 1974) in order to handle the non-square system ma-
trix and to make use of the equilibrium and compatibility equations. The generalized inverse of the matrix C can be written
asC1R ¼ CTðCCTÞ1 ð8Þ
and the general solution of (5) can be presented as,F ¼ C1R P þ bX; 8X 2 Rn ð9Þ
wherea ¼ C1R C ¼ CTðCCTÞ1C; b ¼ Inn  a ð10Þ
Some useful properties of the matrices a and b are listed as follows:rankðaÞ ¼ m; rankðbÞ ¼ nm
Ca ¼ C; Cb ¼ 0; a2 ¼ a; b2 ¼ b; ab ¼ 0 ð11ÞBy using these relations, one can write the solution for the nodal displacement from vector from (3) as,U ¼ ðCCTÞ1Cd ¼ CTR d ð12Þ4. Solution procedure for non-linear elastoplastic material problems
If the material is non-linear elastoplastic, the entire history of strain and stress must be considered, as well as their cur-
rent levels. To consider the loading history, we have to choose some sample (time) points along the axis of time,
t0 = 0 < t1 < t2 < . . . < tr as shown in Fig. 2. The corresponding load vectors can be represented as P(t0),P(t1),P(t2),. . .,P(tr). In
LIM cyclic analysis, rather large time steps can be often used. In this case, the solution is generated at the peak load values
and the time steps can be taken from the peak positive value to the peak negative value or vice versa.
For non-linear elastoplastic materials, the process can be summarized as follows:
(1) (Global stage) Establish equilibrium matrix C according to the element topology. Check the internal force vector at
time t, Ft with the limitations of the constitutive relations. Then propose a certain methodology to modify DFt in order
for Ft to agree with the material model limitations. (Check the beam section of this paper for more clariﬁcations of this
point.)t10 t2 tr
P(t1)
P(t2) P(tr)
P
t
Fig. 2. Sample time points on the loading path.
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the equilibrium equation:DF0ðtjÞ ¼ C1R DPðtjÞ; j ¼ 0;1;2; . . . ; r ð13Þ
whereDPðtjÞ ¼ PðtjÞ  Pðtj1Þ; j ¼ 0;1;2; . . . ; r ð14Þ
(3) Iterate from DFn(tj) to DFn + 1(tj) for j = 0, 1, 2, . . ., r:
A. (Element stage) Get the deformation vector dn according to Fn:For element i,i = 1, 2, . . ., k, the history of stress can be
represented by the series DFinðt0Þ;DFinðt1Þ; . . . ;DFinðtrÞ
n o
, so the deformation can be computed at each time sample
point:dinðtjÞ ¼ uðDFinðtjÞ; eipnðtjÞÞ; j ¼ 0;1;2; . . . ; r ð15Þ
where eipnðtjÞ is the factor representing the plastic strain history, computed according to the stress history. Then the defor-
mation vector at each time sample point can be achieved by combining the result of all the elements.
B. (Global stage) At each time sample point, check whether the deformation vector dinðtjÞ is sufﬁciently compatible. Thus,
leteðdnðtjÞÞ ¼ kbdnðtjÞkdnðtjÞ ; j ¼ 0;1;2; . . . ; r ð16ÞIf for any j, j 2 {0,1,2,. . .,r} we have e(dn (tj)) < e0 (where e0 is a given error tolerance), it means the error at any sample point is
small enough. Hence, we can stop the iteration (step (3)) and go to step (4).Otherwise, the deformation vector dn at some
sample points is not compatible, and Fn should be modiﬁed to improve the compatibility of the deformation vector.
C. (Global stage) At each time sample point, get the search direction Sn(tj):SnðtjÞ ¼ bK 0ðdnðtjÞÞbdnðtjÞ ð17Þ
where K0(dn(tj)) is the current stiffness matrix derived from the constitutive relations (15). Actually, K0 is the inverse of the
matrix U0(Fn(tj)), which is needed in the following stage.
D. (Global stage) Next, our goal is to ﬁnd a best solution on each time sample point search direction. LethnðtjÞ ¼  d
T
nðtjÞSnðtjÞ
STnðtjÞU0ðFnðtjÞÞSnðtjÞ
; j ¼ 0;1; . . . ; r ð18Þwhere U0(Fn(tj)) is the current ﬂexibility matrix derived from the constitutive relations (15). Then DFn + 1 (tj) is computed by
the following equation:DFnþ1 ¼ DFn þ hnSn ð19Þ(4) (Global stage) Get the result of DFn, d and U at each time sample point:FðtjÞ ¼ Fðtj1Þ þ DFnðtjÞ
dðtjÞ ¼ adnðtjÞ
UðtjÞ ¼ ðCCTÞ1CdðtjÞ
; j ¼ 0;1; . . . ; r
8><
>: ð20ÞThe construction of the search direction could also be improved as follows:S0nðtjÞ ¼ bK 0ðdnðtjÞÞbdnðtjÞ
kf ðtjÞ ¼ ðdnðtjÞdn1ðtjÞÞ
TS0nðtjÞ
dTn1ðtjÞS0n1ðtjÞ
SnðtjÞ ¼ kf ðtjÞSn1ðtjÞ  S0nðtjÞ
8>><
>:
ð21ÞThis entire solution procedure is illustrated in Fig. 3.
5. Cyclic elastoplastic truss example
Consider the truss structure shown in Fig. 4. All the members have a constant cross sectional area of 0.025 m2. The mate-
rial properties of the bars are characterized as shown in the same ﬁgure. Since the material model involves a hardening
parameter (i.e., no ﬁxed yield point), there will be no limitations for the internal element force values. Thus, the solution
can be reached using the major solution procedure steps included in Fig. 3.
The structure is subjected to the two cyclic loading cases shown in Fig. 5, with variable loading amplitude.
Tables 1 and 2 present quantitative comparison between LIM and the displacement-based FE code ABAQUS (2005). The
internal element forces of elements 2 and 4 are included for both loading cases (a) and (b).
Fig. 3. General solution procedure for cyclic elastoplastic problems.
W. Barham et al. / International Journal of Solids and Structures 45 (2008) 5688–5704 5693More results are shown in Figs. 6 and 7, where the applied load is plotted versus the vertical displacement of node 1 for
loading cases (a) and (b), respectively.
6. Cyclic loading of beams with elastic fully plastic material model
Here, LIM is extended to solve the generalized cyclic loading case for elastoplastic beams. This analysis is history depen-
dent, since plasticity comes into play during the cycling of the load. In our consideration here the initial estimate for internal
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5694 W. Barham et al. / International Journal of Solids and Structures 45 (2008) 5688–5704moments are expected to exceed the yield moment at one or more points along the beam length and, ultimately, plastic
hinges may start to form at the locations having extreme values.
6.1. Stress analysis
To clarify the cyclic loading effect in terms of stresses, two cases will be considered; namely, unloading to the zero mo-
ment case, and reverse loading to a different moment amplitude. Let us consider each case separately.
6.1.1. Unloading to zero moment
Assume a beam cross section has been loaded by a bending momentM >My. The unloading to zero moment is achieved by
applying a momentM0 that has the same magnitude, but is opposite in sign. The unloading can be handled by assuming that
the cross section will behave elastically with respect to M0. Then, the transition stress (due to M0) can be given byTable 1
Internal forces comparison for case (a)
ABAQUS P(N) LIM
F2 (N) F4(N) F2 (N) F4(N)
1.09795E+07 1.09410E+07 1.55E+07 1.09829E+07 1.09444E+07
1.24680E+06 1.24680E+06 0.00E+00 1.24668E+06 1.24668E+06
1.24340E+07 1.23148E+07 1.75E+07 1.24380E+07 1.23186E+07
1.36970E+06 1.36970E+06 0.00E+00 1.36959E+06 1.36959E+06
Table 2
Internal forces comparison for case (b)
ABAQUS P (N) LIM
F2 (N) F4 (N) F2 (N) F4 (N)
1.09795E+07 1.09410E+07 1.55E+07 1.09829E+07 1.09444E+07
1.10543E+07 1.08660E+07 1.55E+07 1.10576E+07 1.08696E+07
1.24698E+07 1.22790E+07 1.75E+07 1.24737E+07 1.22829E+07
1.33403E+06 1.33403E+06 0.00E+00 1.33391 E+06 1.33391 E+06
--2.0E+07
--1.5E+07
--1.0E+07
--5.0E+06
5.0E+06
1.0E+07
1.5E+07
2.0E+07
--0.10
--0.05 0.00 0.05 0.10 0.15
ABAQUS Solution
LIM Solution
Disp − Y(m)
P(N)
Fig. 6. Truss response due to load case (a).
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0
I
y ¼ M
I
y ð22ÞAt the end of the elastic unloading process, residual stress remains, because the original loading stress distribution is not
linear, as shown in Fig. 8. Thus, permanent strain is also expected on the cross section.
If reloading takes place, there will be no new plastic deformation for Mreloading <M.
6.1.2. Full load reversal
If the load is reversed to the opposite direction, the structure will undergo an elastic transition as long as
M00 = jMj + jMreversej 6 2My. By exceeding this limit (2My), plastic deformations start to develop. The treatment of this case
is shown in Fig. 9, where in Fig. 9a, jMreversej 6 jMj with M00 P 2My, while in Fig. 9b, jMreversej > jMj. In this latter case, Mreverse
can be increased up to the full plastic moment of the section.
6.1.3. General case
Given a stress distribution at a certain time step along the loading path, shown in Fig. 10, a reversed moment Mreversed is
applied, where Mreversed =M +M00. The stress due to Mreversed is the summation of the initial stress and the transition state
caused by M00. The resultant stress through the cross-sectional depth must not exceed ry at any location. Thus the transition
state caused by M00 is governed by the initial stress distribution (Fig. 10a). Therefore, the slopes of the straight lines forming
the initial distribution will have an inﬂuence in determining the exact shape of the transition stress distribution.
During the loading, unloading and reversing of the load, the stress history has to be stored for use in the subsequent load
steps. Updating the stored history at the end of each step will allow deciding if new kinks have been developed, as in the case
of reversing the load to lower moment amplitude (Fig. 9a), or if some old kinks have vanished, as in the case of higher re-
versed loading (Fig. 9b).
--2.0E+07
--1.5E+07
--1.0E+07
--5.0E+06
5.0E+06
1.0E+07
1.5E+07
2.0E+07
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
ABAQUS Solution
LIM Solution
Disp − Y(m)
P(N)
Fig. 7. Truss response due to load case (b).
Fig. 8. Unloading to zero moment.
5696 W. Barham et al. / International Journal of Solids and Structures 45 (2008) 5688–57046.2. Large increment method modiﬁcation
6.2.1. Stress formulation
The basic difference, between the monotonic loading formulation presented in Barham et al. (2005b) and the LIM for cyc-
lic analysis, is that the history of the state variables needs to be taken into consideration. Thus, it is no longer possible for the
solution for the applied load to be done in one load increment. At the local stage, the element deformations must be calcu-
lated based on the previous loading steps, where the plastic strain history comes into play at this stage.
At each load increment,DF is calculated using (13). This DFwill work as a transition state between the known state at the
end of a certain load increment and the required state (Fig. 10). However, DF is not necessarily the accurate internal element
force increment. Thus, LIM iterations will work to provide an accurate DF that produces a compatible change in the defor-
mations. Based on the stress history, the transition stress state needs to be formulated. The transition stress can be expressed
by linear segments of the formr ¼ ayþ b ð23Þ
where a and b are known constants that can be determined using the stress history. Thus, the stress shape functions at each
segment can be formulated by introducingDMðxÞ ¼ ðx LÞDV  DM ð24Þ
ab
Fig. 9. Reverse loading: (a) lower moment amplitude and (b) higher moment amplitude.
Fig. 10. General case.
W. Barham et al. / International Journal of Solids and Structures 45 (2008) 5688–5704 5697Thus, the change in stress can be written asDrðx; yÞ ¼ ðayþ bÞðx LÞðx LÞDV  DMDV 
ðayþ bÞ
ðx LÞDV  DMDM ð25ÞAt this point, we can write the shape functions asZ1ðx; yÞ ¼ ðayþ bÞðx LÞðx LÞDV  DM ; Z2ðx; yÞ ¼ 
ðayþ bÞ
ðx LÞDV  DM ð26ÞThis operation has to be done for each transition stress segment. Therefore, it is possible to use those deﬁnitions to solve for
the change in deformation due to DF.
6.2.2. Strain formulation
The strain during cyclic loading will remain linear through the cross sectional depth to obey the Bernoulli hypothesis.
Therefore, the strain in the transition state (Fig. 10d) can be expressed as
5698 W. Barham et al. / International Journal of Solids and Structures 45 (2008) 5688–5704Deðx; yÞ ¼ y
Ye
rtðxÞ
E
ð27ÞThe change in deformation for each element can be determined easily for the transition state knowing the stress shape func-
tions and the linear strain variation through the sectional depth. ThusDdi ¼
Z
ZiDedv; fori ¼ 1;2 ð28ÞIn LIM, the iterations can be carried out using either the total deformation (i.e., current deformation at time t plus the defor-
mation change during Dt) or just the change in the deformation from one time step to the next (i.e., during Dt). If the total
deformation is used, then a little attention should be given to the effect of plastic hinges.
During the loading process, a number of plastic hinges may be expected to form on the structure. In the case of unloading,
or load reversing, the plastic hinge rotation is irrecoverable. Thus, the element deformation due to plastic hinge rotations
must be excluded from the total deformation vector that is calculated at time t. The equilibriummatrix is modiﬁed, if a plas-
tic hinge is formed at a certain location along the beam, by adding a constraint equation that will ﬁx the moment at that
location to Mp. At the same time, this constraint equation carries a kinematic relation between the plastic hinge rotation
and the element deformation.
To clarify this, assume in Fig. 11, a plastic hinge is formed at point A and the unloading solution is required to reach point
B.
The total deformation vector at point A consists of two parts: (1) the deformation due to the elastoplasticity effect (dep),
and (2) the deformation due to the plastic hinge rotation (dph). Accordingly, one can writedtotal ¼ dep þ deh ð29Þ
However, we know thatdeh ¼ CTmodifiedUph ð30Þ
whereUph ¼
0
  
hph
8><
>:
9>=
>; ð31ÞConsequently, one can obtain dep asdep ¼ dtotal  dph ð32Þ
At the end of the LIM iterations at time t +Dt, a new dep will be produced that consists of the original compatible deforma-
tions at time t in addition to a compatible change in deformation during Dt. The total nodal free displacement U at the time
t + Dt (including the plastic hinge rotation) can be written asU ¼ Uep þ Uph
¼ ½ðCCTÞ1Cdep þ CmCTm
 1
Cm
 
dph
ð33ÞorU ¼ CmCTm
 1
Cm
 
dep þ dph
  ð34Þtime
P
O
A
B
Fig. 11. Linear loading: plastic hinge formation at point A.
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The solution here is similar to that presented in Barham et al. (2005b), but here we are solving for DF that will produce a
compatible change in the deformation during Dt. At the end of each LIM iteration n + 1, the total elemental internal forces
ðFtþDtnþ1 Þmust not exceedMp at any location along the beam. If this happens, then a new constraint will be added to restrict the
internal moment magnitude at that location to Mp. A more detailed view of the solution procedure can be seen in the ﬂow
chart shown in Fig. 12 for each time step.Fig. 12. LIM cyclic solution procedure.
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In order to demonstrate the efﬁciency of LIM for solving beam structures under cyclic loading with an elastic-fully
plastic material model, consider the following problem shown in Fig. 13. The beam structure dimensions are shown
in addition to the cross-sectional dimensions. The beam is subjected to the cyclic applied moment M with different mo-
ment amplitudes. The constitutive relations of the beam structure are also shown in the same ﬁgure. The problem will
be solved by the LIM method and the ﬁnite element program ABAQUS (2005), which employs the displacement method.
We used a two-noded Euler–Bernoulli beam element (element type B23 in ABAQUS notation) with an element length of
0.1 m.
In the LIM analysis, just one element was used to represent the beam problem, along with exact integration
along the beam length. On the other hand, many elements were used in the ABAQUS analysis in addition to 25
integration points within the beam depth. Fig. 14 compares the left hinge rotation for both ABAQUS and LIM re-
sults. This ﬁgure shows an excellent correlation between the results of the LIM compared to the ﬁnite element dis-
placement method.
In order to give an idea about the computational effort needed by both methods for solving this problem, Table 3 presents
a comparison between LIM and ABAQUS in terms of the number of iterations needed to reach to the solution. From this table
it is evident that the number of iterations in LIM is less than that in ABAQUS, especially at high level of loading. However,
more importantly in terms of computational efﬁciency is the signiﬁcant mesh reduction possible with the LIM formulation.
6.5. Numerical example 2
Consider the multi-span beam structure shown in Fig. 15, where the constitutive relations of the beam are also shown.
The problem will be solved by LIM and the ﬁnite element program ABAQUS. Again we used the ABAQUS B23 element and a
very ﬁne mesh with an element length of 0.05 m. A total of 25 integration points were employed through the beam depth in
the ABAQUS analysis in order to obtain accurate results near the collapse load, while we used exact integration in LIM. The
structure will be subject to a cyclic external loading of variable amplitude, as shown in Fig. 15.
Results of the analysis is recorded and shown in Fig. 16 for the point under the load. This ﬁgure shows an excellent cor-
relation between the results of the LIM compared to the ﬁnite element displacement method. Notice, however, that the ﬁnite
element analysis required a very ﬁne mesh to converge. Meanwhile the LIM analysis used only 4 elements to represent the
structure.Fig. 13. Beam example 1 – problem deﬁnition.
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Fig. 14. Beam example 1 – comparison of LIM with ABAQUS.
Table 3
Beam example 1, comparison of the number of iterations for LIM & ABAQUS
Load (N) ABAQUS LIM
Rotation (rad) # of iterations Rotation (rad) # of iterations
1.000E+07 0.00332 4 0.00332 3
1.100E+07 0.00381 5 0.00381 3
1.225E+07 0.00563 8 0.00565 4
0.000E+00 0.00161 1 0.00165 2
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In both examples, LIM reached the solution using signiﬁcantly less number of elements compared to the displacement
based ﬁnite element approach. This is because lim uses stress functions that exactly represent the stresses along the element
depth and length. The same exact stress functions were used to compute the elements deformations. Since an exact repre-
sentation is used for the elastoplastic element, identical results will be obtained if a ﬁner mesh is used. On the other hand,
the displacement method produces different solutions for different meshes, with more accuracy expected when a ﬁner mesh
is used. The solution of a certain mesh is unique for that mesh, but it does not necessarily represent the exact solution of the
problem. If a compatible solution on a coarse mesh is used to approximate the solution on a ﬁner mesh, an incompatible
solution will be produced. During the displacement method iterations, neither the displacements are compatible nor are
the forces in equilibrium. Unlike the displacement method, in LIM, the applied forces are always in equilibrium with the
internal element forces and the LIM iterations are aimed to modify the equilibrated internal forces to produce a compatible
solution. Following this discussion, for the same mesh, the elemental equilibrium matrix for LIM and the displacement ap-
proach can be written asCe ¼
Z
Xe
BTZdX ð35ÞThe element forces for both the displacement and force method are deﬁned for the beam element shown in Fig. 17.
The element forces S and F are related through the elemental equilibrium matrix. This relation can be expressed asS ¼ CeF ð36Þ
where for the current force conﬁguration, the beam elemental equilibrium matrix can be written asCe ¼
1 0
L 1
1 0
0 1
2
6664
3
7775 ð37Þ
Fig. 15. Beam example 2 – problem deﬁnition.
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S2
S3
S4
8>><
>>:
9>>=
>>;
¼
1 0
L 1
1 0
0 1
2
6664
3
7775
F1
F2
 	
ð38ÞIn LIM, the equilibrium equation, presented in (36), is always satisﬁed since the stresses are exactly represented. However, in
the displacement method, (36) is satisﬁed only for the converged solution at the end of any time step. That is to say, in order
for equilibrium to be satisfy, the displacement method needs to iterate to reach to compatible solution that will produce
equilibrated forces. This relation is presented in Fig. 18.
7. Conclusion
This paper presents an extension of LIM for solving the non-linear cyclic analysis case. Two structural elements have been
developed, and LIM is successfully used to analyze truss and beam structures subjected to cyclic loading with varying ampli-
tudes. Excellent correlation was obtained between LIM and ABAQUS solutions for three elastoplastic test problems. Even
though a step-by-step solution procedure is adopted to solve this problem, the computational effort using LIM is much less
than that of the displacement-based method. This is attributed primarily to the use of less elements with exact stress shape
functions to represent the actual stress variation through the loading path. Furthermore, the operations at the element level
are separated from other elements, which opens the door for performing these operations in parallel using multiple proces-
sors. This leads to a ﬁnal conclusion that LIM has great potential for solving this class of problems with signiﬁcant compu-
tational savings.
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Fig. 16. Beam example 2 – comparison of LIM with ABAQUS.
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